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Hypersurfaces of two space forms and 
conformally flat hyper surf aces 

S. Canevari and R. Tojeiro 


Abstract 

We address the problem of determining the hypersurfaces /: —)• 

with dimension re > 3 of a pseudo-Riemannian space form 
of dimension re -|- 1, constant curvature c and index s G {0,1} for 
which there exists another isometric immersion /: M" —>■ 
with c ^ c. For re > 4, we provide a complete solution by extending 
results for s = 0 = s by do Carmo and Dajczer [3| and by Dajczer and 
the second author [5]. Our main results are for the most interesting 
case re = 3, and these are new even in the Riemannian case s = 0 = s. 

In particular, we characterize the solutions that have dimension re = 3 
and three distinct principal curvatures. We show that these are closely 
related to conformally flat hypersurfaces of Qf(c) with three distinct 
principal curvatures, and we obtain a similar characterization of the 
latter that improves a theorem by Hertrich-Jeromin [8]. We also derive 
a Ribaucour transformation for both classes of hypersurfaces, which 
gives a process to produce a family of new elements of those classes, 
starting from a given one, in terms of solutions of a linear system 
of PDF’s. This enables us to construct explicit examples of three- 
dimensional solutions of the problem, as well as new explicit examples 
of three-dimensional conformally flat hypersurfaces that have three 
distinct principal curvatures. 

We denote by (c) a pseudo-Riemannian space form of dimension iV, 
constant sectional curvature c and index s G {0,1}, that is, (c) is either a 
Riemannian or Lorentzian space-form of constant curvature c, corresponding 
to s = 0 or s = 1, respectively. By a hypersurface /: M** —)■ Qy^(c) 
we always mean an isometric immersion of a Riemannian manifold M"' of 
dimension n into Qy^(c), thus / is a space-like hypersurface if s = 1. 
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One of the main purposes of this paper is to address the following 

Problem For which hypersurfaces f: M" —)• Q”'''^(c) of dimension n > 3 
does there exist another isometric immersion f: —)■ Q”’'"^(c) with c ^ c? 

This problem was studied for s = 0 = s and n > 4 by do Carmo and 
Dajczer in [3], and by Dajczer and the second author in [5]. Some partial 
results in the most interesting case n = 3 were also obtained in [5]. Including 
Lorentzian ambient space forms in our study of Problem * was motivated 
by our investigation in [2] of submanifolds of codimension two and constant 
curvature c G (0,1) of x M, which turned out to be related to hypersurfaces 
/: —)■ for which also admits an isometric immersion into the 

Lorentz space = Qi(0). 

We hrst state our results for the case n > 4. The next one extends a 
theorem due to do Carmo and Dajczer [3] in the case s = 0 = s. Here and 
in the sequel, for s, s G {0,1} we denote e = —2s + 1 and e = —2s + 1. 

Theorem 1. Let /: M” ^ Qs’'"^(c) be a hypersurface of dimension n > 4. 
If there exists another isometric immersion f: —)■ Q 5 ’'"^(c) with c ^ c, 

then c < c if s = 0 and s = 1 (respectively, c > c if s = 1 and s = 0) 
and f has a principal curvature X of multiplicity at least n — 1 everywhere. 
Moreover, at any x G the following holds: 

{i) if X = 0 or f is umbilical with c + eX^ ^ c, then f is umbilical; 

{ii) if f is umbilical and c + eA^ = c, then 0 is a principal curvature of f 
with multiplicity at least n — 1; 

{Hi) if X 0 with multiplicity n — 1, then f has also a principal curvature 
X with the same eigenspace as X. 

Thus, Problem * has no solutions if n > 4 and either c > c, s = 0 and 
s = lorc<c, s = l and s = 0, while, in the remaining cases, having a 
principal curvature of multiplicity at least n — 1 is a necessary condition for a 
solution. In those cases, having a principal curvature of constant multiplicity 
n or n — 1 is also sufficient for simply connected hypersurfaces. 

Theorem 2. Let f: —)■ n > 4, be an isometric immersion of 

a simply connected Riemannian manifold. Assume that f has a principal 
curvature X of (constant) multiplicity either n — 1 orn. Then admits an 
isometric immersion f: M” —)■ Q 5 ’'"^(c), unless c > c, s = 0 and s = 1, or 
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c < c, s = 1 ands = 0, and assertions {i)-{iii) in TheoremUlhold. Moreover, 
f is unique up to congruence except in case {ii). 

The next result, proved by Dajczer and the second author in [5] when 
s = 0 = s, shows how any solution /: M"' —)■ n > 4, of Problem * 

arises. 

Theorem 3. Let f: M"' Qs'''^(c) and f: —)■ n > 4, be 

isometric immersions with, say, c > c. If s = 0, assume that s = 0. Then, 
for s = s (respectively, s = 1 and s = 0), there exist, locally on an open 
dense subset of M'^, isometric embeddings 

H : ^ Q:+"(c) and i: Q”+^(c) ^ Q^+2(g) 

(respectively, if: t Qs’'’^(c) and i: Q"’''^(c) —)■ with i 

umbilical, and an isometry 

T: M" :=ii(Q^+i(g))nz(Q”+^(c)) ^ 

(respectively, 4/: := ii(Q”+^(c)) fl i(Q"’''^(c)) —)■ M^) such that 

/ o T = and / o 4/= ii“^|^n. 

(respectively, / o T = and / o T = i~^\Mn). 

Theorem [3] explains the existence of a principal curvature A of multiplicity 
at least n — 1 for a solution /: —)■ n > 4, of Problem * : the 

(images by / of the) leaves of the distribution on M"" given by the eigenspaces 
of A are the intersections with i(Q"’''^(c)) of the (images by H of the) relative 
nullity leaves of H, which have dimension at least n. 

Next we consider Problem * for hypersurfaces of dimension n = 3. The 
following result provides the solutions in two (“dual”) special cases. 

Theorem 4. Let f: —)• Qs(c) be a hypersurface for which there exists an 

isometric immersion f: —)■ Q|(c) with c ^ c. 

(a) Assume that f has a principal curvature of multiplicity two. If either 
c > c, s = 0 and s = 1, or if c < c, s = 1 and s = 0, then f 
is a rotation hypersurface whose profile curve is a c-helix in a totally 
geodesic surface Qs(c) of Qs(c) and f is a generalized cone over a 
surface with constant curvature in an umbilical hypersurface Qf(c) of 
Q|(c), c > c. Otherwise, either the same conclusion holds or f and f 
are locally given on an open dense subset as described in Theorem 0 
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(b) If one of the prineipal eurvatures of f is zero, then f is a generalized 
cone over a surface with constant curvature in an umbilical hypersurface 
Q^(c) ofQf{c), c > c, and f is a rotation hypersurface whose profile 
curve is a c-helix in a totally geodesic surface Q|(c) o/Q|(c). 

By a generalized cone over a surface g: —)■ (^^(c) in an umbilical 

hypersurface Qs(c) of 0 ^( 0 ), c > c, we mean the hypersurface parametrized 
by (the restriction to the subset of regular points of) the map G: x M —)■ 

Q^(c) given by 

G(x,t) = expg(,„)(tf(g(x))), 

where ^ is a unit normal vector held to the inclusion i: Qg(c) —)■ Q^(c) and 
exp is the exponential map of Q^c)- A c-helix in Qs(c) C with respect 
to a unit vector v G is a unit-speed curve 'y: I ^ Q‘^{c) G 

that the height function 7 ^ = ( 7 ,n) satishes 7 " -|- 07 ^ = 0. Here Cq = 0 or 1, 
corresponding to c > 0 or c < 0 , respectively. 


In order to deal with the generic case of Problem * for hypersurfaces of 
dimension 3, we need to recall the notion of holonomic hyper surfaces. We call 
a hypersurface /: M” —)■ (c) holonomic if M” carries global orthogonal 


d 

coordinates (wi,... such that the coordinate vector helds dj = —— are 
^ ^ ^ duj 

everywhere eigenvectors of the shape operator A of /. Set Vj = ||i9j ||, and 

dehne Vj G 1 < j < n, by Adj = vJ^Vjdj. Thus, the hrst and second 


fundamental forms of / are 


n n 

I = ''^^vfdul and II = '^^ViVidul. (1) 

i=\ i=\ 


Set n = (ui,..., Vn) and V = (Vi,..., 14). We call (n, V) the pair associated 
to /. The next result is well known. 


Proposition 5. The triple {v,h,V), where hij = satisfies the system 

of PDF’s 


( 


< 


V 


^ t. t. 

* (9n- ~ ~ 

.dhij dhji 

*** 'dm ^ + ^DVj = 0 , 

dV 

= hjiVj, l<i^j^k^i<n. 


( 2 ) 
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Conversely, if {v, h, V) is a solution of ^ on a simply connected open subset 
U C M"", with Vi 0 everywhere for all 1 < i < n, then there exists a 
holonomic hypersurface f: U ^ Q”(c) whose first and second fundamental 
forms are given by m- 

The following characterization of hypersurfaces /: —)■ 0 ^( 0 ) with 

three distinct principal curvatures that are solutions of Problem * is one of 
the main results of the paper. 

Theorem 6. Let f: —)■ Qs(c) be a simply connected holonomic hyper¬ 

surface whose associated pair (n, V) satisfies 

33 3 

^ 6iVi = i, ^ diViVi = 0 and ^ 6iV-^ = C :=e{c-c), (3) 

2=1 2=1 2=1 

where e, e G {—1,1}, (5i, ^ 2 , d^) = (1, —1,1) either if e = 1 or if e = —1 and 
C > G, and (5i, <52, d^) = (—1, —1, —1) ife = —1 and C < 0. Then admits 
an isometric immersion into Q|(c), which is unique up to congruence. 

Conversely, if f ■. —)■ 0 ^( 0 ) is a hypersurface with three distinct princi¬ 
pal curvatures for which there exists an isometric immersion f: Q|(c) 

with c ^ c, then f is locally a holonomic hypersurface whose associated pair 
{y,V) satisfies 

As we shall make precise in the sequel, the class of hypersurfaces that 
are solutions of Problem * is closely related to that of conformally flat hy¬ 
persurfaces of Q”^^(c), that is, isometric immersions /: M” —)• of 

conformally flat manifolds. Recall that a Riemannian manifold M” is confor¬ 
mally flat if each point of M” has an open neighborhood that is conformally 
diffeomorphic to an open subset of Euclidean space M”. First, for n > 4 we 
have the following extension of a result due to E. Cartan when s = 0. 

Theorem 7. Let f: —)■ Qs’'"^(c) be a hypersurface of dimension n > 4. 

Then is conformally flat if and only if f has a principal curvature of 
multiplicity at least n — 1. 

It was already known by E. Cartan that the “only if’ assertion in the 
preceding result is no longer true for n = 3 and s = 0. The study of con¬ 
formally flat hypersurfaces by Cartan was taken up by Hertrich-Jeromin [8], 
who showed that a conformally flat hypersurface /: —)■ Q^(c) with three 

distinct principal curvatures admits locally principal coordinates {ui,U 2 ,uf) 
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such that the induced metric satishes, say, + Ug. 

The next result states that conformally flat hypersurfaces /: —>■ Qs(c) 

with three distinct principal curvatures are characterized by the existence of 
such principal coordinates under some additional conditions. 

Theorem 8. Let f: —)■ Q^(c) be a holonomic hypersurface whose asso¬ 

ciated pair (n, V) satisfies 

3 3 3 

'^SiVi=0, '^5iViVi = t] and = 1, (4) 

2=1 2=1 2=1 

where (di, 82 , 83 ) = (1, —1,1). Then is conformally flat. 

Conversely, any conformally flat hypersurface f: —>■ Qs(c) with three 

distinct principal curvatures is locally a holonomic hypersurface whose asso¬ 
ciated pair [v, V) satisfies 

It is amazing that the class of holonomic Euclidean hypersurfaces of any 
dimension n whose associated pair (n, V) satishes the conditions 

n n 

8 iVi = Ki and 8 iV^ = K 2 , 

2=1 2=1 

where Ki, K 2 G M and 8 i G {—1,1} for 1 < i < n, was considered by Bianchi 
[T] almost one century ago, his interest on such hypersurfaces relying on the 
fact that they satisfy many of the properties of constant curvature surfaces 
an their parallel surfaces in In particular, a Ribaucour transformation 
for that class was sketched in Bianchi’s paper. 

It follows from Theorems [H] and [S] that, in order to produce hypersurfaces 
of Qs(c) that are either conformally hat or admit an isometric immersion 
into 0^(5) with c 7 ^ c, one must start with solutions {v,h,V) on an open 
simply connected subset t/ C of the same system of PDE’s, namely, the 
one obtained by adding to system (|2]) (for n = 3) the equations 

dvi 

and 

dV- 

8 i-^ + djhijVj + dkhikVk = 0, I < i j k ^ i <3, (6) 
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with (^ 1 , ^ 2 , ^ 3 ) = (1, —1, !)• Such system has the hrst integrals 

33 3 

= = and = K^. 

2 = 1 2 = 1 2=1 


If initial conditions at some point are chosen so that Ki = 1 (respectively, 

= 0 ), it '2 = 0 and = e(c — c) (respectively, it's = 1 ), then the cor¬ 
responding solutions give rise to hypersurfaces of Qs(c) with three distinct 
principal curvatures that can be isometrically immersed into 0^(5) (respec¬ 
tively, are conformally flat). 

Our characterizations in Theorems [ 6 ] and | 8 ] of hypersurfaces of Qs(c) with 
three distinct principal curvatures that admit an isometric immersion into 
Q|(c), with c 7 ^ c, or are conformally flat, respectively, allow us to derive a 
Riabaucour transformation for both classes of hypersurfaces. In particular, 
it yields the following process to generate a family of new elements of such 
classes from a given one. We denote by i\ Qs(c) —)■ I^s+eo umbilical 
inclusion, where cq = 0 or 1 , corresponding to c > 0 or c < 0 , respectively. 


Theorem 9. If f: —)■ Qs(c) is a holonomic hypersurface whose associated 

pair {v,V) satisfies ^ (respectively, then the linear system of PDF’s 

O'ji 

(***)^ = {vi - v'fjf) - hjilj + (dVi - apVi, 

OB 


dui 

'dui 




dui 


+ ^kKkV'k = 0 , 


where 


1 dv ■ 

hij = — ^ Kj = hij + (n' -Vj)-d-, 


is completely integrable and has the first integrals 




( 8 ) 


^ -F 6/5^ -F c(p^ — 2(p'if = Ki eR (9) 
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and 


div'i + 52V2 + — K2 G M. (10) 

Let (71,72,73, ^2, t’g, 99, V’,/9) be a solution of & with initial conditions at 

some point chosen so that Ki = t) and K2 = e (respectively, K2 = 0 ), and so 
that the function 

q = 5jv(Vj - e/3 I ir 2 - djVjv'A , (11) 

j=i \ j=i J 

with K 2 = i (respectively, K 2 = 0), vanishes at that point. Then, the map 
F': M3 given in terms of F = i o f by 



where f is a unit normal vector field f, to f and e* = v~^di, I < i < 3, 
satisfies F' = i o f, where /': —)■ Qf(c) is a holonomic hypersurface 

whose associated pair {v',V'), with 

v; = v, + [v.-v'TA 

T 

also satisfies ^ (respectively, 

Explicit examples of hypersurfaces of Qs(c) with three distinct principal 
curvatures that admit an isometric immersion into Q|(c) with c 7 ^ c, as 
well as of conformally flat hypersurfaces of with three distinct principal 
curvatures, are constructed in Section 6 by means of Theorem |9l 

As a special consequence of Theorem [9l it follows that hypersurfaces 
/: m 3 —)■ Qg(c) that can be isometrically immersed into M| arise in families 
of parallel hyper surfaces. 

Corollary 10. Let f: — )■ (^^(c) be a holonomic hypersurface whose as¬ 

sociated pair {v, V) satisfies ^ with c = 0. Then any parallel hypersurface 
ft', m 3 —)■ Q^(c) to f has also the same property. 

It was already shown in |5] for s = 0 = s that, unlike the case of dimension 
n > 4, among hypersurfaces /: M” —)■ Q”^^(c) of dimension n = 3 with 
three distinct principal curvatures, the classes of solutions of Problem * and 
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conformally flat hypersurfaces are distinct. Moreover, it was observed that 
their intersection contains the generalized cones over surfaces with constant 
curvature in an umbilical hypersurface Qs(c) of Qs(c), c> c. Our last result 
states that such intersection contains no other elements. 

Theorem 11. Let f: —)• Qs(c) be a conformally flat hypersurface with 

three distinct principal curvatures. If admits an isometric immersion 
into Q|(c), c c, then f is a generalized cone over a surface with constant 
curvature in an umbilical hypersurface 0 ^( 0 ) ofQf{c), c>c. 

1 Proofs of Theorems [1], [2] and 

Proof of Theorem Uf Let i\ Qg’''^(c) —)■ Qs+fg(c) be an umbilical inclusion, 
where eo = 0 or 1, corresponding to c > c or c < c, respectively, and 
set / = i o f. Then, the second fundamental forms a and d of / and /, 
respectively, are related by 

a = i^a + \/|c- c|( , )f, (13) 

where f is one of the unit vector helds that are normal to i. 

For a hxed point x G M”, dehne W^{x) := N^M{x) © NjM^x), and 
endow W^{x) with the inner product 

(((■C + h + h)))w3(x) := - {i,V)NfMix), 

which has index (s + eo) + (1 — s). 

Now dehne a bilinear form '■ TxM x T^M W^{x) by 

fx = d:{x) © a{x), 

where a{x) and a{x) are the second fundamental forms of / and /, respec¬ 
tively, at X. Notice that Af{fx) © Af{a{x)) = {0} by ([13]). On the other 
hand, it follows from the Gauss equations of / and / that fx is hat with 
respect to (( , )), that is, 

{{fx{X,Y),fx{Z,W))) = {{fx{X,W),fx{Z,Y))) 

for all X, Y,Z,W G TxM. Thus, if (( , )) is positive dehnite, which is the 
case when s = 0, s = 1 and eo = 0, that is, c > c, we obtain a contradiction 
with Corollary 1 of [9], according to which one has the inequality 

dimj\f{fx) > n — dim hF(a;) = n — 3 > 0. (14) 


3 


9 




The same contradiction is reached by applying the preceding inequality to 
— (( , )) when s = 1, s = 0 and c < c, in which case (( , )) is negative definite. 
Therefore, such cases can not occur, which proves the first assertion. 

In all other cases, the index of (( , )) is either 1 or 2. Thus, by applying 
Corollary 2 in |9] to (( , )) in the first case and to — (( , )) in the latter, 
we obtain that must be degenerate, for otherwise the inequality flTT|) 

would still hold, and then we would reach a contradiction as before. 

Since S{(3x) is degenerate, there exist ( G N^M{x) and N G NjM{x) such 
that (0,0) 7 ^ (C)-^) ^ ‘5(/5x)niS(/9a;)“‘“. In particular, from 0 = {{C + NX + N)) 
it follows that (iV, iV) = (C,C)- Thus, either iV = 0 and ( G iS(d(a;)) fl 
iS(d(a;))“‘“, or we can assume that {N,N) = e = {(,0- 

The former case occurs precisely when / is umbilical at x with a principal 
curvature A with respect to one of the unit normal vectors N to f, satisfying 

eA^ + c — c = 0, 

in which case N^M{x) is a Lorentzian two-plane and ( = Xi^N + y^|c — c|^ 
is a light-like vector that spans iS(d(a;)). In this case, all sectional curvatures 
of M” at X are equal to c by the Gauss equation of /, and hence / has 0 
as a principal curvature at x with multiplicity at least n — 1 by the Gauss 
equation of /. 

Now assume that {N, N) = e = {(X)- Then, from 

0 = {XX + N)) = {aX)-{XN), 

we obtain that A-^ = Let G N^M{x) be such that {CjC"*"} is an 

orthonormal basis of N^M{x). The Gauss equations for / and / imply that 

{a(,X,Y){a(,Z,W) = {a(,X,W){a(,Z,Y) 

for all X,Y,Z,W G T^M, which is equivalent to dimAA(74^j^) > n — 1. 

Since A-^ = Sy^\c — c\I by (IT^ . with S = (c — c)/|c — c|, it follows that the 

restriction to X'(A^j^) of all shape operators A;^, ?] E NjM{x), is a multiple 

of the identity tensor. In particular, this is the case for A{^j^ = Aj^, where N 
is one of the unit normal vector fields to /, hence / has a principal curvature 
A at a; with multiplicity at least n — 1. 


10 




Moreover, if A = 0 then must coincide with i*iV, and hence ( with 
up to signs. Therefore ~ sis'll hence / is umbilical at x. If / 

is umbilical at x and c + eA^ 7 ^ c, then = 0 and is a (nonzero) 

constant multiple of the identity tensor. Finally, if A 7 ^ 0 has multiplicity 
n — 1 , then we must have ^ i^N and dimA/'(A^x) = n — 1 , hence Af{A'^^j_) 
is an eigenspace of A-^ = Aj^. □ 


Proof of Theorem d.' Suppose hrst that / is umbilical, with a (constant) 
principal curvature A. If c + eA^ = c, then M” has constant curvature c, 
hence it admits isometric immersions into Q”^^(c) having 0 as a principal 
curvature with multiplicity at least n — 1. Otherwise, by the assumption 
there exists A 7 ^ 0 such that c — c + eA^ = eA^. Hence c + eA^ = c + eA^, thus 
A = XI satishes the Gauss and Codazzi equation for an (umbilical) isometric 
immersion into Q”^^(c). 

Assume now that / has principal curvatures A and fi of multiplicities n —1 
and 1, respectively, with corresponding eigenbundies Ex and E^. If A = 0, 
then M” has constant curvature c, hence it admits an umbilical isometric 
immersion into Q”^^(c). From now on, assume that A 7 ^ 0. Then, one can 
check that the Codazzi equations for / are equivalent to the fact that Ex 
and E^ are umbilical distributions with mean curvature normals t] and (, 
respectively, satisfying 


V 


(VA)i., 

A — /i 


and ( 


(V/i)EA 

fi — \ 


By the assumption, there exist A,/i G C°°{M) such that 
c — c + eA^ = eA^ and c — c + eA/x = eA/x. 


Moreover, the hrst of the preceding equations implies that A 7 ^ 0 everywhere, 
and hence A and fl are unique if A is chosen to be positive. From both 
equations we obtain that 


eA^ — eA^ = eA/x — eA/x, eAVA = eAVA 


and 

e((VA)/i T AV/i) = e((VA)/i T AV/x). 

It follows that 

(VA)e, (VA)e„ 

X — ft A — /i 


(15) 
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and similarly, 


( 16 ) 


(V/^)ea ^ (V/^)gA 
fi — X /i — A 

Let A be the endomorphism of TM with eigenvalnes A, fi and corresponding 
eigenbnndles Ex and E^, respectively. Since 

c + eA^ = c + eA^ and c + eXfi = c + eXfl, 

the Ganss eqnations for an isometric immersion /: M” Q^’'"^(c) are sat¬ 
isfied by A. It follows from (IT^ and ffT6|) that A also satisfies the Codazzi 
eqnations. □ 

Proof of Theorem Since we are assnming that c> c, there exist nmbilical 
inclusions i: Q"^^(c) ^ Q"“''^(c) andi: Q”’''^(c) ^ Q"^^(c) for (s, s) = (1,0). 
If s = s (respectively, (s, s) = (1, 0)), set / = i o / (respectively, f = i o f). 
Then, one can use the existence of normal vector helds ( G r(iVj:M) and 

N e T{NjM) satisfying (C,C) = e = {N,N) and and argue as in 

the proof of Theorem 3 in [5]. One obtains that there exists an open dense 
subset U C M"", each point of which has an open neighborhood V C M" 
such that f\v (respectively, f\v) is a composition /|y = H o f\y (respec¬ 
tively, f\v = H o f\y) with an isometric embedding H\ W C. Q"’''^(c) — >■ 
Q”+2(c) (respectively, H : W G Q”+Hc) ^ Qs’^^(c)), with f{V) C W 
(respectively, f{V) C W). Set M"- = H{W) O i(Q”+^(c)) (respectively, 
M'^ = if (IT) n i(Qp’'"^(c))). Then io f\v = H of\y\ V —)■ M” (respectively, 
JT o fjy = i o fjy : V —)■ M"') is an isometry. Let T: —)■ T be the inverse 

of this isometry. Then / o T = and / o T = (respectively, 

/oT = and /oT = where and H~^ denote the inverses 

of the maps i and if, respectively, regarded as maps onto their images. □ 

2 Proof of Theorem [4] 

Before going into the proof of Theorem 01 we establish a basic fact that will 
also be used in the proof of Theorem [6] in the next section. 

Lemma 12. Let /: —)■ 0^(0) and /: —)■ Q|(c) be hypersurfaces 

with c ^ c. Then, at each point x G there exists an orthonormal basis 
{ 61 , 62 , 63 } ofT^M'^ that simultaneously diagonalizes the second fundamental 
forms of f and f. 
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Proof. Define i: 0 ^( 0 ) and /, as well as W'^{x), (( , ))w^(x) and 

/da; for each x G M"", as in the proof of Theorem [H If S{/3x) is degenerate for 
all X G we conclude as in the case n > 4 that the assertions in Theorem [1] 
hold, hence the statement is clearly true in this case. 

Suppose now that S{(3x) is nondegenerate at a; G Then the inequality 

dimiS(/da:) > dimTa;M — dim7\/'(/d3;) 

holds by Corollary 2 in [5]. Since A/'(/da:) = {0}, the right-hand-side is equal 
to dimTa;M = 3 = dimiy^(x), hence we must have equality in the above in¬ 
equality. By Theorem 2—6 in [9], there exists an orthonormal basis {.^ 1 , ■^ 2 , 1 ^ 3 } 
of W'^{x) and a basis {0^, 6^^, 6 ^} of TfM such that 

3 

i=i 

In particular, if i 7 ^ j then f3{ei,ej) = 0 for the dual basis { 61 , 62 , 63 } of 
{9^, 0^, 9^}. It follows that { 61 , 62 , 63 } diagonalyzes both a and a, and there¬ 
fore both a and a, in view of ([13]). It also follows from flT^ that 

0 = (d(6i,6j),0 = \/|c- c|(6i,6j), 

hence the basis {ci, 62 , 63 } is orthogonal. □ 

Lemma 13. Under the assumptions of Lemma, HE, let Ai, A 2 , A 3 and pi, p 2 , Ps 
be the principal curvatures of f and f correspondent to 61,62 and 63 , respec¬ 
tively. 

(a) Assume that f has a principal curvature of multiplicity two, say, that 
Ai = A 2 := A. If either c > c, s = 0 and s = 1, or c < c, s = 1 and 
s = 0, then 

c — c-\- eAA 3 = 0, /i 3 = 0 and c — c-\- eX^ = e/ii/i 2 . 
Otherwise, either the same conclusion holds or 

Pi = P2 '■= P, 6 — 6 -f eA^ = e/i^ and c — c-\- eXX^ = 6/1/13. 

(b) Assume, say, that A 3 = 0. Then /ii = /12 := p, 

C — 6 -|- 6 A 1 A 2 = 6/1 

and 

6 - 6 = e/ 1 / 13 . (18) 
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Proof. By the Gauss equations for / and /, we have 


and 

The two last equations yield 


c + eAjAj = c + e/ij/ij, 1 < i 7 ^ j < 3. 

(19) 

A, then the preceding equations are 


c + eA^ = c + e/ii/i 2 . 

( 20 ) 

c + eAAs = c + e/ii/is 

( 21 ) 

c + eAAs = c + e/i 2 /is- 

( 22 ) 


h3(hi - P 2 ) = 0, 

hence either /ra = 0 or /xi = /i 2 . In view of fl20|) . the second possibility can 
not occur if either c > c, s = 0 and s = 1, or c < c, s = 1 and s = 0. 
Thus, in these cases we must have /xs = 0, and then c — c + eA^ = e/ri/i2 and 
c — c + eAAs = 0 by (j^ and (j22ll . 

Otherwise, either the same conclusion holds or /ii = /i 2 := /x, and then 


c — c + eA^ = and c — c + eAAs = ?hh 3 by and fl 22 |) . 

( 6 ) If As = 0, then equations flT^ become 

c — c + eAiA 2 = e/ii/i 2 , (23) 

c - c = e/xi/i 3 (24) 

and 

c - c = e/X 2 h 3 (25) 

Since /xs 7 ^ 0 by fl2TD or fl25]l . these equations imply that fii = ii 2 '■= P, and 
we obtain fITSD . Equation fITTD then follows from fl2^ . □ 

Proof of Theorem^ Assume that / has a principal curvature of multiplicity 
two, say, Ai = A 2 := A. Suppose hrst that either c > c, s = 0 and s = 1 , or 
c < c, s = 1 and s = 0. Then, it follows from Lemma [13] that 

c — c + eAAs = 0 , /is = 0 and c — c + eA^ = e/ii/i 2 . (26) 


In particular, we must have A 7 ^ 0 by the hrst of the preceding equations, 
whereas the last one implies that /ii/i 2 7 ^ 0. Then, it is well known that 
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Ex is a spherical distribution, that is, it is umbilical and its mean curvature 
normal rj = satishes ei(z/) = 0 = 62 ( 1 ^). In particular, a leaf a of Ex has 
constant sectional curvature + eX^ + c = + e/ri/i 2 + c. Denoting by V 

and V the connections on and /*TQ|(c), respectively, we have 

VeJ*e3 = /*Ve,e3 = -z//*ei, 1 < i < 2, 

hence f{a) is contained in an umbilical hypersurface Q|(c) of Q|(c) with 
constant curvature c = c + and /*e 3 as a unit normal vector held. 

Moreover, E^ = E^^ is the relative nullity distribution of /. Thus, it is 
totally geodesic, and in fact its integral curves are mapped by / into geodesics 
of Q|(c). It follows that f{M^) is contained in a generalized cone over /(cr). 

On the other hand, it is not hard to extend the proof of Theorem 4.2 
in [1] to the case of Lorentzian ambient space forms, and conclude that / 
is a rotation hypersurface in Qs(c). This means that there exist subspaces 
C = Pg+eo ill i^s+eo ^ with P^ n QKc) 7^ 0! where Cq = 0 or 

Co = 1 , corresponding to c > 0 or c < 0 , respectively, and a regular curve 7 
in 0 ^( 0 ) = P^ n not meet P^, such that /(M^) is the union 

of the orbits of points of 7 under the action of the subgroup of orthogonal 
transformations of Kg+gg that hx pointwise P^. If P^ is nondegenerate, then 
/ can be parameterized by 

/(s,m) = (7i(s)0i(m),7i(s)02(m),7i(s)03(m),74(s),75(s)), 

with respect to an orthonormal basis {ci,..., 65 } of Ks+eg satisfying the con¬ 
ditions in either (i) or (ii) below, according to whether the induced metric 
on P^ has index s -f eo or s -|- eo — 1 , respectively: 

(i) {ei,ei) = 1 for 1 < i < 3, {e 3 +j,e 3 +j) = ej for 1 < j < 2, and ( 61 , 62 ) 
equal to either ( 1 , 1 ), ( 1 , — 1 ) or (— 1 , — 1 ), corresponding to s -|- 60 = 0 , 
1 or 2 , respectively. 

(ii) (ci. Cl) = —1, (ci, Cj) = 1 for 2 < i < 4 and (es, 65 ) = e, where e = 1 or 
6 = —1, corresponding to s -|- 60 = 1 or 2 , respectively. 

In both cases, we have P^ = span{e 4 , 65}, P^ = span{ei, 64, 65}, u = (ui, U2), 
7(5) = (7i(s),74(5),75(3)) a unit-speed curve in Qf(c) C P^ and 0 (m) = 
(01 (n), 02 (m), 03 (w)) an orthogonal parameterization of the unit sphere C 
(P^)-*“ in case {i) and of the hyperbolic plane C (P^)"*" in case {ii). Ac¬ 
cordingly, the hypersurface is said to be of spherical or hyperbolic type. 
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If is degenerate, then / is a rotation hypersurface of parabolic type 
parameterized by 

f{s,u) = (7i(s),7i(s)mi,7i(s)m2,74(s) - ^7i(s)(wi + “ 2 ),75(s)), 

with respect to a pseudo-orthonormal basis {ei,..., 65} of such that 

(ei,ei) = 0 = (64,64), (61,64) = 1 , (62,62) = 1 = (63,63) and (65,65) = 
—2(s + 60) + 3, where 7(5) = (71(5),74(5),75(5)) is a unit-speed curve in 
Q^(c) C F^ = span{6i, 64, 65}. 

In each case, one can compute the principal curvatures of / as in [1] and 
check that the hrst equation in fl26l) is satished if and only if 7 " + 071 = 0 , 
that is, 7 is a c-helix in Qs(c) C I^s+eo- 

Under the remaining possibilities for c, c, s and s, either the same conclu¬ 
sions hold or the bilinear form in the proof of Theorem [1] is everywhere 
degenerate, in which case there exist normal vector helds C G T[NjM) and 

N G T{Nj:M) satisfying {(,, C) = ^ = (iV, N) and = ^4^, and we obtain as 
before that / and / are locally given on an open dense subset as described 
in Theorem [3l 

Finally, if one of the principal curvatures of / is zero, then the preceding 
argument applies with the roles of / and / interchanged. □ 


3 Proof of Theorem [6] 

Proof of Theorem 0- Let (r, V) be the pair associated to /. Dehne 

V, = {-iy+^ 5 ^{viVk-VkVi), i<k. ( 27 ) 

Then V = (14,14,17;) is the unique vector in up to sign, such that 
(r, \C\~^f‘^V) is an orthonormal basis of with respect to the 

inner product 

3 

{{xi,X2, Xs), (2/1,2/2,2/3)) = ^ ^iXiVi. ( 28 ) 

i=l 

Therefore, the matrix D = (r, \C\~^^‘^V) satishes D 6 D^ = 6 , where 

6 = diag(e, C/|C'|, —eC/|U|). It follows that 

mv, + C'/IC'I - eC'/IC'pUU, = 0, 1 < z ^ j < 3. 
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c — c we 


Multiplying by eC and using that ee = e and eeC = eee{c — c 
obtain 







On the other hand, differentiating flTTI) and using equations {i)~{iv) yields 


^ = hijVi, 1 < i 7 ^ j < 3. 

OUi 


It follows from Proposition [5] that there exists a hypersurface /: —)■ Q|(c) 

whose hrst and second fundamental forms are 


3 


3 



2=1 


2 = 1 


thus admits an isometric immersion into Q|(c). 

Conversely, let /: Qs(c) be a hypersurface for which there exists 

an isometric immersion /: —)■ Q|(c). By Lemma IT^ there exists an or¬ 

thonormal frame { 61 , 62 , 63 } of of principal directions of both / and /. 
Let Ai, A2, A3 and pi, /r2, be the principal curvatures of / and / correspon¬ 
dent to 61,62 and 63, respectively. Assume that Ai < A2 < A3, and that the 
unit normal vector held to / has been chosen so that Ai < 0. The Gauss 
equations for / and / yield 


6 -|- eAjAj = c + efiifij, I < i ^ j < 3. 


Thus 


/ij/ij = C + eXiXj, C = e{c — c), I < i ^ j < 3. 


(29) 


It follows that 


2 _ (C + ^XjXi){C + eXjXk) 

^ C -\- eAjAfc 


, ^ < i i k ^ j <3. (30) 
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The Codazzi equations for / and / are, respectively, 



= (A* - Aj)(Ve,.ei,ej), z 7^ j. 

(31) 

(Aj Afc) , Cfc) 

= (Ai - Afc)(Ve,.ei,efc), i ^ j ^ k. 

(32) 

and 




= (h*-hi)(Ve,.ei,ej), z 7^ j. 

(33) 

(hi ~ ei^ji Cfc) 

~ (h* k'k) (V Ej^i, Ck) , ^ j ^ k. 

(34) 

Multiplying (l3T)) by fij and using fl30|) and fl3^ we obtain 


-^(Ai Aj)(Aj 

^(Ve,ej,efc) - 0, t^j^k. 



Since the principal curvatures Ai, A 2 and A 3 are distinct, it follows that 


(Veiej,efc) = 0, I <i ^ j ^ k ^ i <3. (35) 

Computing 2fijei{fij), hrst by differentiating fl30|) and then by multiplying 
fl33|l by 2 /ij, and using ([3T]), fl 2 ^ and fl30l) . we obtain 

(C + eXjXk){Xk — Xj)ei{Xi) + (C + eAjAfc)(Afc — Xi)ei{Xj) 

(36) 

~\~{C + eXiXj){Xi — Xj)ei(Xk) = 0 . 

Now let {(Ui, a; 2 , 1 ^ 3 } be the dual frame of {ei, 62 , 63 }, and dehne the one- 
forms 7 j, 1 < j < 3, by 





-A0(A,- 
C -|- iXiXk 





where Sj = yj/\yj\ for y^ = ' 

By (1301) . either all the three numbers C + eXjXi, C + eXjXk and C + eXiXk 
are positive or two of them are negative and the remaining one is positive. 
Hence there are four possible cases: 

(I) C + eXiXj > 0, 1 < z 7 ^ j < 3. 

(II) C + eAiA 2 < 0, C -|- eAiAs < 0 and C + eA 2 A 3 > 0. 


18 






(III) C + eAiA 2 > 0, C + eAiAs < 0 and C + eA 2 A 3 < 0. 

(IV) C + eAiA 2 < 0, C + eAiAs > 0 and C + eA 2 A 3 < 0. 

Notice that ((5i, ^ 2 , ^s) equals (1, —1,1) in case (/), (1,1, —1) in case (//), 
(—1,1,1) in case (///) and (—1, —1, —1) in case {IV). It is easily checked 
that one must have e = —1 and C < 0 in case {IV) ^ whereas in the remaining 
cases either e = 1 or e = —1 and (7 > 0. Therefore, ((5i, ^ 2 , ^s) = (—1, —1, —1) 

if e = —1 and (7 < 0, and in the remaining cases we may assume that 

((5i, ( 52 , ^ 3 ) = ( 1 , — 1 , 1 ) after possibly reordering the coordinates. 

We claim that fl36|l are precisely the conditions for the one-forms 7 ^, 
1 < j < 3, to be closed. To prove this, set Xj = \/5^, 1 < j < 3, so that 
= XjOJj. It follows from fl5^ that 

^k) j{^k) (^k'yj{^i) ®fc]) 0 - 

On the other hand, using flTI]) we obtain 


d-fj{ei, ej) 


eaj{ej) - e^lAci) “ 7i([ei, e^]) 

ei{xj) ^Xjl^ 

ej(Aj) 


ei{x^) -1- Xj 


V-A,’ 


hence closedness of jj is equivalent to 


X ■ 

= y—S-e*(Ai), l<i^j <3. 

Aj Ai 


(37) 


We have 


ei{xj) = ei{{Sjyj)^/^) = ^{djyj) ^/^6jei{yj) = ^ei{yj), 


thus fl371) is equivalent to 


2 x‘^ 

^i{^j) ~ ^j^i{yj)^ 


Xj Xi 


or yet, to 


2{Xj Xi:)ci{Xj) Ci{yj){C -|- eAjAfc). 
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The preceding equation is in turn equivalent to 


2(Aj — Afc)(C' + eXiXk)ei{Xj) — (ej(Aj) — ej(Aj)(Aj — Afc)(C + eXiXk) 


+{Xj — Xi){ei{Xj) — ei{Xk)){C + eXiXk) 

(Aj Aj)(Aj Afc)(6(ej(Aj)Afc T Ajej(Afc)), 


which is the same as fl36|) . 

Therefore, each point x G has an open neigborhood V where one can 
hnd functions Uj G C°^(V), 1 < j < 3, such that duj = jj, and we can 
choose V so small that <h = {ui,U 2 ,U 3 ) is a diffeomorphism of V onto an 
open subset U C that is, (mi,M2,M3) are local coordinates on V. From 
5ij = duj{d/dui) = XjOJj{d/dui) it follows that d/dui = njCj, with Vi = x~^. 

Now notice that 




and 



It follows that the pair (n, V) satishes ([ 3 ]). 


□ 


4 Proof of Theorem [71 


Before starting the proof of Theorem [71 recall that the Weyl tensor of a 
Riemannian manifold M” is dehned by 


{C{X, Y)Z, W) = {R{X, Y)Z, W) - L{X, W){Y, Z) - L{Y, Z){X, hF) 


+L{X,Z){Y,W) + L{Y,W){X,Z) 


for all X, Y, Z,W G X{M), where L is the Schouten tensor of M"', which is 
given in terms of the Ricci tensor and the scalar curvature s by 


L(X,y) = ^(Ric (X,R) - ^ns(X,R)). 
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It is well-known that, if n > 4, then the vanishing of the Weyl tensor is a 
necessary and sufficient condition for to be conformally flat. 

Proof of Theorem^- Let /: —)■ Q”’''^(c) be a conformally flat hypersur¬ 

face of dimension n > 4. For a fixed point x G M^, choose a unit normal 
vector N G NfM and let A = A]^\ T^M —)■ T^M be the shape operator of / 
with respect to N. Let be a vector space endowed with the Lorentzian 
inner product ((, )) given by 

(((a, 6 , c), (a', 6 ', P))) = e{—aa' + bb' + ecc'). 

Define a bilinear form (3 : T^M x T^M —)■ by 

/?(X, F) = (L(X, >^) + ^(1 - c)(X, F), L(X, - ^(1 + c)(X, F), {AX, F)). 

Note that I3{X,X) 7 ^ 0 for all X 7 ^ 0. Moreover, 

((/3(X,F),/?(F,IF))) - ((/3(X,IF),/?(F,F))) = -L{X,Y){Z,W) 

-L{Z, IF)(X, F) + L(X, W){Z, Y) + L(F, F)(X, IF) + c((X A Z)W, Y) 
+e((klX A AZ)W, Y) = {C{X, Z)W, Y) = 0. 

Thus (3 is flat with respect to ((, )). We claim that S{(3) must be degenerate. 
Otherwise, we would have 

0 = dimker/3 > n — dimS'(/3) > 0 , 

a contradiction. Now let ( G S{(3)r\S{(3)-^ and choose a pseudo-orthonormal 
basis C,ri,^ of IF^ with {{(,()) = 0 = {{v,v)), {{C,v)) = 1 = {{^,0) and 
UX)) = 0 = {{^,V))- Then 

(3 = (j)C + 

where 0 = {{/3,ri)) and = {{/3,f)). Flatness of {3 implies that dimker'^ = 
n — 1. We claim that ker-^ is an eigenspace of A. Given Z G ker-^ we have 

(3{Z,X) = P{Z,X)C (38) 

for all X G T^M. Let {ei = (1,0,0), 62 = (0,1,0), 63 = (0,0,1)} be the 
canonical basis of IF and write C, = Then (1381) gives 

L{Z, X) + i(l - c){Z, X) = aiPiZ, X) 
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and 


L{Z, X) - i(l + c){Z, X) = a20(Z, X). 

Subtracting the second of the preceding equations from the hrst yields 

(Z,X) = (ai-a2)0(Z,X), 
which implies that Oi — 02 7 ^ 0 and 

0(Z,X) = ^^(Z,X). 

0,1 — O2 

Moreover, we also obtain from 0381) that 

{AZ,X) = a,(P{Z,X) = -^^{Z,X), 

Oi — 02 

which proves our claim. □ 


5 Proof of Theorem [8] 

First recall that a necessary and sufficient condition for a three-dimensional 
Riemannian manifold to be conformally flat is that its Schouten tensor 
L be a Codazzy tensor, that is, 

{XxL){Y,Z) = {VyL){X,Z) 

for all X,Y, Z E X{M), where 

{VxL){Y, Z) = X{L{Y, Z)) - L{VxY, Z) - L{Y, VxZ). 

Proof of Theorem\^- Let /: —)■ Q 5 (c) be a holonomic hypersurface whose 

associated pair {y, V) satishes (jl]). Then v = {yi,V 2 ,v^) is a null vector with 
respect to the Lorentzian inner product (, ) given by (l28D . with (^i, 82 , 83 ) = 
(1,—1,1), and V = (Vi,V 2 ,h 3 ) is a unit space-like vector orthogonal to v. 
Thus, we may write 

V =—V +—{-V3,0,vi), A = ±1, 

V2 V2 
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for some p G C°°{M), which is equivalent to 


Vi =—{y 2 Vi - Xv^) and V^s = — (l^^s + Aui). (39) 

V2 V2 

The eigenvalues pi, P 2 and of the Schouten tensor L are given by 
2pj = c + e{XiXj + XkXj — XiXk), 1 < J < 3, 
where Xj, 1 < j < 3, are the principal curvatures of /. Define 

(t>j = + XkXj — XiXk), 1 < J < 3. (40) 

That L is a Codazzi tensor is then equivalent to the equations 


dui 


— 1 ^ i 7 ^ J ^ 3. 


Replacing Xj = ^ in fHOl) and using 


we obtain 


(41) 


h = -i-2XV2Vs + {Vi-l)vi), 


= -(Vi + l) 
V 2 


and 

h = \{{Vi-l)v3 + 2XV2Vi). 

n 

It is now a straightforward computation to verify flTT|) by using equations (i) 
and (iv) of system ([2]) together with equations ([5]) and ([ 6 ]). 

Conversely, assume that /: —)■ Q^(c) is an isometric immersion with 

three distinct principal curvatures Ai < A 2 < A 3 of a conformally flat man¬ 
ifold. Let { 61 , 62 , 63 } be a correspondent orthonormal frame of principal 
directions. Then { 61 , 62 , 63 } also diagonalyzes the Schouten tensor L, and 
the correspondent eigenvalues are 


2pj — e{XiXj + XjXk — XiXk) + 6 , 1 < j < 3. (42) 

The Codazzi equations for / and L are, respectively, 

ei(Ai) = (Ai - Aj)(Ve^.6i,6j), 

{Xj Afc) (Vei6j, 6fc) = (Aj Afc) (Vei6i, 6k) , * 7^ J 7^ 
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(43) 

(44) 



and 


= iHi- fij){Ve^ei,ej), i ^ j, (45) 

(/ij -/ifc)(Ve.ej,efc) = (/ii -/iA:)(Ve,ei,efc), i ^ j ^ k. (46) 

Substituting fl42l) into fl46l) . and using (1441) . we obtain 

(Aj - \j){\j - \k){'Veiej, Ck) = 0, i ^k. (47) 

Since Ai, A 2 and A 3 are pairwise distinct, it follows that 

(Ve-Cj, Cfc) = 0, I <i ^ j ^ k ^ i <?,. (48) 

Differentiating fl42|) with respect to e*, we obtain 

2ej(/ij) = e[(Aj + Afc)ei(Aj) + (Aj — Afc)ej(Aj) + {Xj — Aj)ei(Afc)]. (49) 

On the other hand, it follows from fl3Tl) . fl45|) and (1421) that 

Ciinj) = eXkCiiXj). (50) 

Hence 

(Aj — AA;)ei(Ai) + (Aj — AA;)ej(Aj) + {Xj — Xi)ei{Xk) = 0. (51) 

Now let {cji, U 2 , ^ 3 } be the dual frame of {ci, 62 , 63 }, and dehne the one- 
forms 7 j, 1 < j < 3, by 

Xj = \l5j{\ - ^i){\ - >^k)ujj, I < j i 7 ^ k j <3, (52) 


where (5i, 52 , 53 ) = (1,—1,1). One can check that (1541) are precisely the 
conditions for the one-forms 7 j, 1 < j < 3, to be closed. 

Therefore, each point x G has an open neigborhood V where one can 
hnd functions Uj G C'°°(H), 1 < j < 3, such that duj = 7 ^, and we can 
choose V so small that <h = {ui,U 2 ,U 3 ) is a diffeomorphism of V onto an 
open subset U C M^, that is, {ui,U 2 ,U 3 ) are local coordinates on V. From 
6ij = duj{di) = XjUj{di) it follows that dj = VjCj, 1 < j < 3, with 


^j = 



_A_ 

\)(A,- 


Afc) 
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Now notice that 




3 3 3 


and 





(Aj Aj)(Aj Afc) 


It follows that (n, V) satishes (jl]). 


□ 


6 The Ribaucour transformation 

Two immersions /: M"" —)■ and /': M"" are said to be related 

by a Ribaucour transformation if |/ — /'| 7 ^ 0 everywhere and there exist a 
vector bundle isometry V: —)■ a tensor D G r(T*M ® 

TM), which is symmetric with respect to the induced metrics, and a nowhere 
vanishing 6 G such that 

(a) V{Z) -Z = {5, Z){f - f) for all Z G r(/*TMr?>); 

(b) Vof,oD = f:. 

Given an immersion /: M"" — )■ with c 7^ 0 , let F = i o /: M” —)■ 

where eo = 0 or 1 corresponding to c > 0 or c < 0, respectively, 
and i: Q"+^(c) —)■ denotes an umbilical inclusion. An immersion 

/': M” —)■ Q”^^(c) is said to be a Ribaucour transform of / with data 
{V,D, 6 ) if F' = i o /': M” —)■ is a Ribaucour transform of F with 

data {V,D,S), where S = S-cF and V: F*TM"+f+^ ^ F'*TM"+f+^ is the 
extension of V such that V{F) = F'. The next result was proved in [7]. 

Theorem 14. Let f: Qs’'"^(c) he an isometric immersion of a simply 

connected Riemannian manifold and let /': —>■ Q”'''^(c) he a Ribaucour 

transform of f with data {V,D, 6 ). Then there exist (p G C°°{M) and (3 G 
T{NfM) satisfying 


afiVif, X) + = 0 for all X eTM 


(53) 
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such that F' = i o f and F = i o f are related by 


F' = F — 

where Q = F^V^p + + cp>F and v = (^, Q)~^. Moreover, 


( 54 ) 


V = I — 2vQQ*, D = I — 2uip^ and 5 =—cp (55) 

where $ = Hessip + cipl — A-^. Conversely, given (p G C°°{M) and (3 G 
V{NfM) satisfying / f3^) such that ipu ^ 0 everywhere, let U C M"' be an open 
subset where the tensor D given by (|55|l is invertible, and let F': U —?• 
be defined by (Ell). Then F' = io f', where /' is a Ribaucour transform of f. 
Moreover, the second fundamental forms of f and f are related by 

4'^ = D-\Al + 2u0,O<^), for any f G T{NfM). (56) 

We now derive from Theorem [H] a Ribaucour transformation for holo- 
nomic hyper surfaces, in a form that is slightly different from the one in [6]. 
For that we need the following. 

Proposition 15. Let f: M” —)■ Q”’''^(c) be a holonomic hypersurface with 
associated pair {v, V). Then, the linear system of PDF’s 


(***)^ = ipi - v[)fj - hjaj + fdVi - Cipvi, 

OB 

{iv)e— = -Vi'ji, e = -2s + 1, 

OUi 


(57) 


(n) 


dlog'if 

dui 




T 


dui 


with hij and hT given by (0), is completely integrable and has the first integral 


7i^ + 6/9^ + c0 — = IF G M. (58) 


Proof. A straightforward computation. 


□ 
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Theorem 16. Let f: M” —)■ Q”'''^(c) be a holonomic hypersurface with as¬ 
sociated pair {v,V). If f M” —)■ Q”’''^(c) is a Rihaucour transform of f, 
then there exists a solution ( 7 , v', (y 9 ,- 0 ,/9) of satisfying 

+ e(3‘^ + cgP' — 2Lp'tp = 0 ( 59 ) 

i 

such that F' = io f and F = i o f are related by 



where f is a unit normal vector field to f and e* = ^di, 1 <i <n. 

Conversely, given a solution ( 7 , f', 99 ,0,/3) of 0 satisfying (Eg; on an 
open subset U C M” where v[ is positive for 1 < i < n, then F' defined by 
(Eg) is an immersion such that F' = io f, where /' is a Ribaucour transform 
of f whose associated pair is {v', V'), with 

V: = V, + {vi-v'f-^, l<t<n. (61) 

Proof. Let /': —)■ Qs’''^(c) be a Ribaucour transform of /. By Theo¬ 

rem [HI there exist ip G C°°{M) and 0 G r(iV/M) satisfying fl5^ such that 
F' is given by fl5ll) . where Q = F^Vif + -1- c(pF and u = {Q, G)~^- 

Write V(p = Yl'i=i'yiC, where 7* G 1 < i < n. Since di = UjCj, 

1 < i < n, this is equivalent to equation (i) of system (j57jl . Now write 
0 = (If, where (3 G C°°{M). Then (15^ can be written as 

AVp> = —eV/3, (62) 

which is equivalent, by taking inner products of both sides with di, to equa¬ 
tion iiv) of system (j57)l . On the other hand, equation (j53ll implies that 

G* = 

where <h = Hess (p + c(pl — A^~. Therefore <h is a Codazzi tensor that satishes 

af{^X,Y) = af{X, <hy) 
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for all X,Y E TM, that is, $ has {ei,...,e„} as a diagonalyzing frame. 
Since 





+ E 




7i - PVi + cviip 



(63) 


equation (ii) of system (|57)l follows. 
Now dehne E C°°{M) by 


2(p'il) = {Q, Q) = + e/5^ + cip^. 

i 


Differentiating both sides with respect to Ui and using equations (i), {ii) and 
{iv) of (157|) yields 


dli 

dui 


+ 'Yh - f3Vi + CViip 
j¥=i 


Vi^jj + 


ip d'lp 
7 i dui' 


(64) 


Dehning v' by (n), then [Hi) follows from fIMl) . 

72 72 

Finally, from ^ we obtain 


dujdui 


dujdui 


d (, N ^ 


du 


duj 


{vi - ^ hkHk + l3Vi - apvi j , 

k^i / 


thus 
dh 


+ h-.^ = 
h ^ "'V n,. 


dui 


dui 


^+(„. _ ,/.)X _ _ h..ihi 

'’dut duP’ ‘'du. 


dh 


ki 


du. 


^ duj duj 

^ dpk , , « 

-Pk — hkiT, -h -7: - Vi + p 


dun du 


'j 


dVi _ dip 
du. 


dvi 


c—Vi - op 

dUi 


duj' 


It follows that 


du, duj ^ ‘ du/ ^ ‘ ‘ 


-hji{vj - v'j)ip + hjihijPi + hjihkjPk - PhjiVj + aphjiVj - hkjhjak 
-hkihkjPj - ViVjPj + iShjiVj - cViVjPj - aphjiVj, 
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which yields equation {vi) of flS7|) . 

Conversely, let F' be given by (1^ in terms of a solution /3) 

of fl57|) satisfying fl59|) on an open subset U C M” where v[ is nowhere 
vanishing for 1 < z < n. We have V<p = equation (i) of 

fl57|l . Defining (3 e r(iV/M) by /3 = /3^, we can write F' as in ([Ml), with 
Q = F^Vip + + cipF and u = {Q, Q)~^. In view of (zn), equation fl6^ is 

satisfied, and hence so is fIMl) . Thus = -F*o$, where d* = Hess <p+c<p/— 

It follows from (zz) and fl63D that $9* = Bidi, where 



Using (zzz) and (15^ we obtain 



Thus D is invertible wherever v[ does not vanish for 1 < z < rz. It follows 
from Theorem mi that the map F' defined by fl60l) is an immersion on U and 
that F' = zo/', where /' is a Ribaucour transform of /. Moreover, we obtain 
from fl56|) that F', and hence /', is holonomic with zzi ,... ,Un as principal 
coordinates. It also follows from fl56|l that 



which yields fIbTll . 


□ 


6.1 The Ribaucour transformation for solutions of 

Problem * and for conformally flat hypersurfaces. 

We now specialize the Ribaucour transformation to the classes of hypersur¬ 
faces /: —)■ 0 ^( 0 ) that are either conformally flat or admit an isometric 

immersion into Q|(c) with c ^ c. 

Proposition 17. Let f: —)• Qs(c) be a holonomic hypersurface whose 

associated pair {v,V) satisfies ^ (respectively, Then, the linear system 

of PDF’s obtained by adding the equation 



( 65 ) 
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to system where is given by is completely integrable and has 

(besides the first integral 


div'i + 52 V 2 + = K eM. 


( 66 ) 


Moreover, the function 


n 


3 


i=i 


i=i 


(67) 


satisfies 

^ =-{vi + v'fi)n. ( 68 ) 

OUi ip 

In particular, if initial conditions for ip and (3 at Xq E are chosen so that 
n vanishes at Xq, then vanishes everywhere. 


Proof. The first two assertions follow from straightforward computations. To 
prove the last one, dehne p = X]i=i Q = K — We have 


dp 

dui 


dvfi 


.dVi 


dv'. 


dVi 




- h[j)v(Vi - - Kj)Vjv[ 






{p - 5,v[V, + d,v,V,) - ^ (0 - + diViv'O) 


\v[p-m) 
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and 


dQ 

dui 


Therefore, 


dVL 

dui 




dvj , 





-n')J 

(0 - 6iVi + ^iWin')) 

^{vi + v'i)e. 


li< I 



7^ 


+ (0 - 5inf + 5iViv[)) 


\ 

/ 

</2 


^'^7^P + ^—WiP - QVi) + Vi-fiQ - el3—{vi + n ')0 

if if 

P> 

—{vi + v[)n, 


which proves (l68i) . The last assertion follows from (1681) and the lemma below. 

Lemma 18. Let M” he a connected manifold and let VL G C°°{M). Assume 
that there exists a smooth one-form u on M” such that dfl = ufl. If 12 
vanishes at some point of M'^, then it vanishes everywhere. 


Proof. Given any smooth cnrve 7 : / ^ M" with 0 G /, denote A(s) = 
Ci;( 7 '(s)). By the assnmption we have 


(G o 7 )(t) = (G o 7 )( 0 ) exp f X{s)ds, 

Jo 

and the conclnsion follows from the connectedness of M"'. 


□ 


The next resnlt contains Theorem [9] in the introdnction. 
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Theorem 19. Let f: Qs(c) be a holonomic hypersurface whose asso¬ 
ciated pair {v,V) satisfies ^ (respectively, ij^J and /': —)■ Q^(c) a Rib- 

aucour transform of f determined by a solution {'ji,'y 2 , Is, v[, V 2 , v'^, ip, fi) 
of system If the associated pair {v',V') of f' also satisfies ^ (respec¬ 

tively, then 

n:= djVjVj - efi (k - ^ = 0^ (69) 

j=i \ j=i J 

with K = e (respectively, K = 0). Conversely, let ( 71 , 72 , 73 , v[,v' 2 , v'^, p, fj, (3) 
be a solution of the linear system of PDF’s obtained by adding equation 
to system ( f37| ). If / fJPI) . / EPI) and 

3 

S,vf = K, (70) 

i=l 

where K = e (respectively, K = 0), are satisfied at some point of M^, then 
(they are satisfied at every point of and) the pair {v',V') associated to 
the Ribaucour transform of f determined by such a solution also satisfies ^ 
(respectively, 


Proof. Let {v', V) be the pair associated to /'. Then, using conditions ([3]) 
(respectively, (S])), we obtain 
33 3 


i=i i=i 


Y.s,(v;-v,)(v; + v,) 

i=i 




e/3 

e/3 


2 Y - v’j 


i=i 




i=i 


// -2SJ + 5 / Sjvf - K 




(71) 


0=1 


where K = e (respectively, K = 0). If the pair {v',V') associated to /' 
satishes ([3]) (respectively, (jH)), then flTOj) holds, as well as 

Z ■5,77 = 0 (72) 

i=i 
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and 


3 



(73) 


where C = e(c —c) (respectively, C = 1). It follows from (17X1) that (l 6 ^ holds. 

Conversely, let ( 71 , 72,73, ^3, (^, ip, (3) be a solntion of the linear sys¬ 

tem of PDE’s obtained by adding eqnation (1^ to system fISTD . If ([59]), (1701) 
and 0691) are satished at some point of M'^, then they are satisfied at every 
point of by Proposition [T71 Then, eqnations fITUD . (16^ and fITTD imply 
that fl73|l holds. On the other hand, nsing fIM]) we obtain 



by flTOj) and ([69]). Thns, the pair {v',V') associated to /' also satisfies ([3|) 


(respectively, ([I])). 


□ 


6.2 Explicit three-dimensional solutions of Problem * 

We now nse Theorem [19] to compnte explicit examples of pairs of isometric 
immersions /: —)■ Qs(c) and /: —>■ Q|(c), c 7 ^ c, with three distinct 

principal cnrvatnres. 

First notice that, if c = 0 (respectively, c 7 ^ 0) and (n, h, V) is a solntion of 
system (]2]) on a simply connected open snbset f/ C with n* 7 ^ 0 everywhere 
for 1 < i < 3, then, in order to determine the corresponding immersion 
f-.U —)■ (respectively, /: f/ —)■ Q^(c) C Rs+gg, where Cq = c/|c|), one has 
to integrate the system of PDE’s 



' hkiXk + eViN - cvif, 

dN 

(zn)— = -ViXi, 1 < « < 3, 

V UUj 


(74) 
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with initial conditions Xi{uo), X 2 {uo), X^^uq), N(uq), f (uq) at some point 
Uq E U chosen so that the set {Xi(mo), X 2 (mo),-^ 3 (^ 0 ),-/V(mo)} (respectively, 
{Xi(mo),X2(mo),X3(mo),X(mo),|c|V2/(mo)}) is an orthonormal basis of 
(respectively, 

The idea for the construction of explicit examples is to start with trivial 
solutions {v,h,V) of system ([2]). If e = 1, one can start with the solution 
{v, h, V) of system ([2]), with ((5i, 62 , 63 ) = (1, —1,1), for which v = (1, 0, 0), 
h = 0 and V is either \/—(7(0,1, 0) or \/C(0,0,1), corresponding to (7 < 0 
or (7 > 0, respectively. If e = —1 and (7 > 0, we may start with the 
solution {v,h,V) of system ([2]), with ( 5 i, 52 ,^ 3 ) = (1,—1,1), for which v = 
(0,1,0), h = 0 and V = ■s/C{0, 0,1), whereas for (7 < 0 we take (5i, 62 , 63 ) = 
(— 1 ,— 1,—1), V = (0,0,1), h = 0 and V = 0, 0). Even though, 

for the corresponding solution (Xi, X 2 , X 3 , iV,/) of system flTijl . the map 
f:U —)■ Qf(c) is not an immersion, the map f':U^ QK^) obtained by 
applying Theorem [19] to it does dehne a hypersurface of Qf(c), which is 
therefore a solution of Problem 

In the following, we consider the case in which e = 1 and (7 < 0, the 
others being similar. We take {v,h,V) as the solution of system ([2]), with 
(hi, ^ 2 , ^ 3 ) = (1, —1,1), for which v = (1, 0, 0), h = 0 and V = 1, 0). 

If c = 0, the corresponding solution of system flT^ with initial conditions 

(Xi(0),X2(0),X3(0),X(0),/(0)) = (El, ^2,^3, 6^4,0) 


is given by 


and 


/ =/(Ml) = MiEi, Xi = Ei, X3 


J coshaM2T^2 + sinhaM 2 T^ 4 , if e 

[ cosau 2 E 2 + sinaM 2 T^ 4 , if e = 


J — sinh aM2-£'2 — cosh 01x2^4, if e 
[ — sinaM2-E2 + cosaM2-E4, if e = 


(75) 

(76) 


where a = \/—C. If c 7^ 0 , the corresponding solution of system fl 74 ll with 
initial conditions 


(Xi(0),X2(0),X3(0),X(0),/(0)) 


(El, E2, E3, E4, |c| ^^^Es) 


is given by 


/ = fiui) 


;^(cos y/cuiE^ + siu -y/cWiEi), if c > 0, 
^=(cosh i/^miEs + sinh i/^miEi), if c < 0, 


( 77 ) 
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( 78 ) 


^ _ f —sm.^/cUlE^ +cos^UiEi, if c > 0 , 

^ sinh y/^uiE^ + cosh. \f^uiEi, if c < 0 , 

X 3 = E^ and X 2 , N as in flTS]) and fl7^ . respectively. 

We now solve system ([7]) for (n, h, V) as in the preceding paragraph. 
Notice that ([9]) and flTOD . with Ki = h and K 2 = 1, rednce, respectively, to 



2(pp = ^ 72 + e /32 ^ ^^2 
i 

(79) 

and 




f2 /2 /2 

1)2 = M 1 + M 3 - 1 . 

(80) 

We also impose that 




- a(pv 2 = e/3(l -m(). 

(81) 


which corresponds to the fnnction in ffTTl) vanishing everywhere. It follows 
from eqnations (i), {ii) and {iv) of ([7]) that 93 , 7 ^ and /9 depend only on mi, 
Uj and M 25 respectively. Eqnation {in) then implies that there exist smooth 
functions (pi = pi{ui), I < i < 3, such that 

((5ii - v'i)^p = pi. (82) 


Replacing in flHOD gives 


p = 



Multiplying fIST]) by p and using (15^ yields 


(83) 


aipp2 = e/301, 


hence there exists K p 0 such that 


/S 



and if 



It follows from (/) and {iv) that 



and 72 



(84) 


(85) 


35 




where 0' stands for the derivative of (pi (with respect to Ui). Using {y) for 
i = 3, (15^ and the second equation in fl51|) we obtain that 



Then, it follows from {in), fl82l) . the hrst equation in fl85l) and the second one 
in fIMll that 

Pi = {Ka — c)pi. (86) 

Similarly, 

02 = — (ea^ + i^a)02 and p'^ = Kap^. (87) 

Moreover, by (|7^ we must have 

Pi - {Ka - c)pl + p'^ + (ea^ + Ka)pl + p’^ - Kapl = 0. (88) 


Notice that each of the expressions under brackets in the preceding equation 
is constant, as follows from (186|1 and (l87|l . 

We compute explicitly the corresponding hypersurface given by (IT^ when 
c = 0, c=l, e = l = e and K = 1. In this case we have C = —1 and a = 1, 
hence equations (l 86 |) and flHT)) yield 

{ 01 = All cosh Ml + y 4 i 2 sinhwi, 

02 = A 21 cos \/ 2 u 2 + A 22 sin \/2 U 2 , 

03 = ^31 cosh M 3 + A 32 sinhM 3 , 

where Aij G M, 1 < i, j < 3, satisfy 

^12 “ ^11 + 2(^21 + ^22) + ^32 ~ ^31 = 0 ) 
in view of flSS]) . Assuming, say, that 

Ai 2 — All ^ 0 and A 32 — A^i < 0 , 

we may write An = pi cosh 6 * 1 , A 12 = pisinh^i, A 21 = p 2 sin 6 * 2 , A 22 = 
P 2 COS 62 , A 31 = p 3 cosh 6^3 and A 32 = p 3 sinh 6*3 for some p* > 0 and 6 i G M, 
1 < i < 3. Then 

{ 01 = Pi cosh (mi + ^i), 

02 = P 2 Sin(\/ 2 M 2 + 62 ), 

03 = P3COsh(M3 + 6*3), 
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with 


D 2 2 I 2 

2P2 = Pi + Ps) 

and we can assnme that P* = 0 after a snitable change Ui ^ Ui + of the 
coordinates Wj, 1 < i < 3 . Setting p = p2, we can write pi = \/ 2 pcosP and 
P3 = \/ 2 psm 9 for some 9 G [ 0 , 27 r]. Thns 

{ 01 = \/2pcosPcoshMi, 

02 = psin \/2 m2, 

03 = \/2psinP coshtis, 

and the coordinate fnnctions of the corresponding hypersnrface /': t/ —)■ 
are 

f[ = Ui — 2 gh cosPsinhwi, = gh {2 cos \/2 m2 cosm2 + \/ 2 sin \/2u2 sin M2), 

03 = —2gh sin 9 sinh M3, f^ = gh{2 cos \/2 m 2 sin M2 — ^/2 sin \/2 m202 cos M2), 
where 

(7 = 2 cos P cosh Ml 

and 

h~^ = 2 cos^ P cosh^ Ml — sin^ V2u2 + 2 sin^ P cosh^ M3. 

To determine the immersion /': t/ ^ that has the same indnced met¬ 
ric as /', we start with the solntion {v,h,V) of system ([ 2 ]), together with 
eqnations (Ej) and ([6]), with (61,62,63) = (1, —1,1) and c replaced by c = 1, 
for which m = m = ( 1 , 0 , 0 ), h = h = 0 and V = ( 0 , 0 , 1 ). 

The corresponding solntion (Xi, X2, X3, N, f) of system flTijl . with e = 
e = l,c = c= l and initial conditions 

(Xi(0),X2(0),X3(0),iV(0),/(0)) = (E^,E2,E3,E^,E,) 

is given by 

/ =/(mi) = cosMii^s-|-sinMii^i, ( 89 ) 

Xi = — sinMiT^s-|-cosMiT'i, X2 = E2, ( 90 ) 

X3 = cosU3E3 + sin U3E4 and N = — sinu3E3 + COSU3E4. ( 91 ) 

Argning as before, we solve system ([ 7 ]) together with equations ([ 9 ]) and 
m, which now become 

200 = 5^72 + 02-^02 ( 92 ) 
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and 


( 93 ) 


~ 2 ~ 2 ~2 
v'^ = v\+v'^-l. 

We also impose that 

(phg =/3(l-h;), (94) 

which corresponds to the fnnction f 2 in flTT|) vanishing everywhere. We obtain 

201 

0 = -^03, 0 = -i0n (96) 

K K 

1 ~ » 1 ~ 

7i = --72 = -^02 and 73 = ---03 (97) 

K K K 

for some iC G M, where the fnnctions 0 * = 4 >i{ui) satisfy 

0" = -(l + i0)0i, 0'' = i^02 0'' = -(l + i^)03 (98) 

and 

(0f + (1 + K ^ l ) + (0'| - k 4 > l ) + (0'^ + (1 + i0)02) ^ o_ ^99^ 

Notice that each of the expressions nnder brackets in the preceding eqnation 
is constant, as follows from fl98l) . Notice also that, for K = —2, the two 
preceding eqnations coincide with fl 86 l) . fl8711 and fl 88 l) for 1 = TT = a = e and 
c = 0, hence the metrics indnced by f and /': 7/ —)■ C coincide by 
fl82|) and the second eqnation in fl95l) . The coordinate fnnctions of /' are 


f[ = sinwi + 5fh(cos6'cosMi sinhwi + cos6'sinMi coshwi) 
02 = —gh cos \/2 m2 

03 = 5fh(sin6'cosM3sinhM3 — sin6'sinM3CoshM3) 

04 = 5fh(sin6'sinM3sinhM3 + sin6'cosM3CoshM3) 

05 = cosMi + (^^.(cos^ cosMi coshtii — cos^sinwi sinh Hi) 


where 


g = 2 cos 9 cosh mi 


and 


h ^ = 2 cos^ 9 cos^ Ml — sin^ \/2 m2 + 2 sin^ 9 cosh^ M3. 


( 100 ) 
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6.3 Examples of conformally flat hyper surfaces 

One can also nse Theorem [19] to compnte explicit examples of conformally 
flat hypersnrfaces /: —)■ Qs(c) with three distinct principal cnrvatnres. It 

snffices to consider the case c = 0 , becanse any conformally flat hypersnrface 
/: M3^QKc),c^0, is the composition of a conformally flat hypersnrface 
g: —)■ with an “inverse stereographic projection”. 

We start with the trivial solntion n = (0,1,1), Id = (1, 0, 0) and h = 0 of 
system (jjj), for which the corresponding solntion of system (17^ with initial 
conditions 


(Xi(0), X2(0), X3(0), iV(0), /(O)) = (El, E2, Es, E4, 0) 


is given by 


/ — f{u2,Uz) — U2E2 + U3E3, X2 — E2, X3 — E3, 


and 


Xi = 

N = 


coshtiiEi -|- sinhniE 4 , 

if e = — 1 , 

( 101 ) 

cosMiEi-|-sinMiE 4 , if 

6 = 1 , 

sinhuiEi coshMiE 4 , 

if e = — 1 , 

( 102 ) 

— sin MiEi -|- cos M 1 E 4 , 

if e = 1 . 


Even thongh this solution does not correspond to a three-dimensional hy¬ 
persurface, one can still apply Theorem [191 We solve system ((7|) for (n, h, V) 
as in the preceding paragraph. Equations (|9|) and f[T0|) . with Ei = 0 = E 2 , 
become 

= +6/5' (103) 

i 

and 

v'l = v'l + v'l- (104) 

We also impose that 


= -<lP (t>3 - V 2 ) , 


(105) 


which corresponds to the function in flTTD vanishing everywhere. It follows 
from [Hi) that 




(5- 


^7i 
dui' 
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Since the right-hand-side of the preceding equation depends only on ui by 
{ii) and (in), there exists a smooth function 0 i = 0 i(mi) such that 


= 01 . 

(106) 

Similarly, 

(1 - t;')0 = 0. 

for some smooth functions 0* = 2 < i < 3. In particular. 

(107) 

(^2 - ^ 3)0 = 03 - 02- 

(108) 

Multiplying f|105p bv 'iIj and using (|100|) and fllOHp yields 



(109) 

and 

( 110 ) 

for some K ^ M.. On the other hand, reolacina: 11106]) and lll07p in 

(fTOip giyes 

^ _ 02 - 02 + 02 

2(03 - 02) 

( 111 ) 

It follows from (i) and (|109P that 


72 = -^^2 and 73 = ^00 


whereas li?;) and llllOp yields 


7 . = -4^;. 

(112) 

We obtain from (iii). UllOp and 1111211 that 


0 'l' = (i^-6)0i. 

(113) 

Similarly, 

02 = —K(j )2 and 03 = Kcj)^. 

Moreoyer, by (jlOdP we must haye 

(114) 

(0? -{K- 6)02) + (0'| + 7^02) -K (01,2 _ i^02) = 0. 

(115) 
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Notice that each of the expressions under brackets in the preceding equation 
is constant, as follows from flll 3 p and fllldp . 

The conformally flat hypersurface given by flT^ (with c = 0 ) has coordi¬ 
nate functions 


f[ = -'tp ^(01 cos Ml 01 sin Ml), f!^ = U2-'lp V2> 

/3 = M 3 -f 0 "V 3 and 04 = 0(01 cos Ml -01 sin Ml), 

with 0 as in fillip . We compute them explicitly for the particular case e = 1 
and < 0 , the others being similar. In this case we have 

{ 01 = All cos y/\K - 1 | Ml Ai2 siu Ml, 

02 = A21 cosh ^/\I^U2 + A22 sinh ^/\I^ M2, 

03 = ^31 cos ^/\K\ M3 A32 sin ^/\K\ M3, 

with Aij G M for 1 < 0 j < 3, and equation flllSp reduces to 

1 ^ - + m{Al, - Al) + \K\{Al + = 0 . 


This implies that 


42 

^22 


^21 ^ 0 ) 


hence we may write ^421 = p2 cosh 62 and ^22 = P2 sinh 62 for some P2 > 0 and 
02 G M. We may also write An = picos^i, y4i2 = pi sin 6*1, ^431 = ps cos 6^3 
and ^32 = p3 sin6*3 for some pi,P3 > 0 and 6*1,6*3 G [ 0 , 27 r]. Then 


with 


01 = Pi cos{^/\^^^\ul - 9i), 
02 = P2 cosh( U2 + 62), 

03 = PsCOs{^/\K\u3 - 63), 


\K\pI = \K- 1 \pI + \K\pI 


and we can assume that 9 i = 0 after a suitable change m* 1—)■ m* -f m° of the 
coordinates m*, 1 < z < 3 . Setting p = p2, we can write pi = ijcos 9 
and p3 = psin^ for some 9 G [ 0 , 27 r]. Thus 


01 = ^^^Pcos0cos(^|ir- 1 |mi), 

02 = pcosh{i/\K\u2), 

03 = psin6'cos(A/|)^M3). 
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For instance, for iF = —1 we get the conformally flat hypersnrface of 
whose coordinate fnnctions are 

f[ = 2 cos9gh{'/2 cos V2ui sin ui — sin \/2ui cos ui), /2 = M 2 + 4 sinh U 2 gh, 

/g = M 3 + 4 sin 6 sin u^gh, = —2 cos 6 '(sin \/2 mi sin mi + cos \/2 mi sin ui)gh 
where 

g = cosh M 2 — sin 6 cos M 3 

and 

h~^ = cos^ 9 cos^ \/2 mi — 2 cosh^ M 2 + 2 sin^ 9 cos^ M 3 . 


6.4 Proof of Corollary [TOl 

Given a hypersnrface /: —)■ Q^(c), set e = —2s + l, ec = c/|c| and e = eCc- 

Let and -0 he dehned by 




(cos(v^t),sin(y^t)), if e = 1 , 
(cosh(A/]^f), sinh(^^t)), if e = - 1 . 


Then the family of parallel hypersnrfaces ft: Qs(c) C l^s+eo 

given by 


i ° ft 


(p(t)i o / + 




to / is 


where N is one of the nnit normal vector helds to / and i: Qs(c) —?• Rg+ep is 
the inclusion, with cq = 0 or 1 , corresponding to c > 0 or c < 0 , respectively. 
We denote by Mf the manifold endowed with the metric induced by ft- 


Proposition 20. Let f: —)■ Qs(c) be a holonomic hyper surf ace. Then 

any parallel hypersurface ft: Mf —)■ Q 5 (c) to f is also holonomic and the 
pairs ( m , V) and ( m *, V^) associated to f and ft, respectively, are related by 


vl = :p{t)vi - ^Vi 

= ^\/\c\'ip{t)vi + (p{t)Vi. 


( 116 ) 


In particular, h\ - = . 
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Proof. We have 


fu — 

Vlc| 


= f* p{t)I 


V’(^) 


A 


thus a unit normal vector held to ft is 

= -«\/R</'W/ + vWN. 


(117) 


Then, 


Nu = /* (^-€^/\c\^|J{t)I - ip{t)A^ 


fjit) 


-1 


-/u ( - ^7=^ 1 (^\/\c\'^if)I + 


which implies that 


At = + (p(t)/l) . ( 118 ) 


It follows from flll 7 p and flllSp that / is also holonomic with associated pair 
given by flllbp . The assertion on hh follows from a straightforward compu¬ 
tation. □ 


Proof of Corollary Conditions ([ 3 ]) for {v^, W) (with c = 0 ) follow imme¬ 
diately from those for {v, V). □ 

Remark 21. Given a hypersurface /: —)■ Q^(c), it can be checked that 

the parallel hypersurfaces ft'. —)■ Q^(c) correspond to the Ribaucour 

transforms of / determined by solutions (71,72,73, U2, U3, V'l/^) of sys¬ 

tem flSTP for which 71 = 72 = 73 = 0 and ip, -0 and (3 are constants satisfying 

dSHp. 


7 Proof of Theorem [TTI 

For the proof of Theorem [TT] we need the following preliminary fact, which 
was already observed in |S] for s = 0. 
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Lemma 22. Let f: — )• Q^(c) be a hypersurface with three distinct princi¬ 

pal curvatures Ai, A 2 and A 3 . Then, any two of the following three conditions 
imply the remaining one: 

(i) (Aj A^)ej(Aj) -|- (Aj (A^ Aj)ej(Afc) 0. 

{ii) {C + eXjXk){Xk ~ Xj)ei(Xi) + (C + eXiXk){Xk — Ai)ej(Aj) 

+ (C + eAjAj)(Aj — Aj)ej(Afc) = 0. 

{Hi) ei{XiXj) = 0. 

Proof. It is easily checked that (i) is equivalent to 

(Afc Aj)ej(AjAj) = {Xj Aj)ej(AjAfc), 

whereas the difference between {ii) and {i) is equivalent to 

Xk{Xk Aj)ej(AjAj) = Aj(Aj Aj)ej(AjAfc), ^^i^j^k^i'^3, 

and the statement follows easily. □ 

Proof of Theorem [771 - By Theorem [3 / is locally a holonomic hypersurface 
whose associated pair {v, V) is given in terms of the principal curvatures 
Ai, A 2 and A 3 of / by 


= 



A.)(A,- 


Afc) 


and Vj 


XjVj, 1 < J < 3. 


(119) 


Moreover, we have seen in the proofs of Theorems [ 6 ] and [3 that conditions 
{i) and {ii) in Lemma 1221 hold for Ai, A2 and A3. Thus, also condition {Hi) is 
satished. Assuming that Xj 7 ^ 0 for 1 < j < 3, we can write 

XiXj = Lkcfl, tfce{-l,l}, l<i^j^k^i<3, (120) 


for some positive smooth functions (fk = 4>k{uk), I < k < 3. It follows from 
01201 ) that 


where ej 


Aj — 




( 121 ) 


p^, 1 < 7 < 3. We may suppose that Ai < A 2 < A 3 , so that 


- ^i4>k > I <i < k <3. 
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Substituting fll2ip into flll9p . we obtain that 


iL 


Vj = -7^, 1 < j < 3, 


( 122 ) 


where 


and 


i’j = 

Vj = ^jVj = hkj^j, i< k. 


We obtain from fll22p that 

_ 1 dvj _ yi-ipk (t>j f di/jk 

riij — 


1 djjk 

Vj dui (t)j \ dui J V’fc dui' 


(123) 


On the other hand, equation (iv) of system ([2]) yields 


1 dVj 4>k fd(j)i I dipk \ 

“ 1 ", du, ~ ct>4k \duj^ du, ) 

Comparying (11231) and (11241) . we obtain that 


(j)i dui ijjk dui ■ 


d(j)i 

dui 


0, l<i<3. 


This implies that = 0 for all 1 < i 7^ fc < 3, and hence hij = 0 for all 
1 < 7^ j < 3. But then equation (u) of system (|2]) gives 


cAjAj T c — 0 

for all 1 < i 7^ j < 3, which implies that —ec > 0 and Ai = A2 = A3 = \/—ec, 
a contradiction. Thus, one of the principal curvatures must be zero, and the 
result follows from part b) of Theorem HI □ 
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